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Abstract
We study possible states at low temperatures by applying the
renormalization-group method to two chains of Tomonaga-Luttinger liquids
with both repulsive intrachain interactions and interchain hopping. As the
energy decreases below the hopping energy, three distinct regions I, III, and
II appear successively depending on properties of fluctuations. The crossover
from the spin-density wave (SDW) state to superconducting (SC) state takes
place in region III where there are the excitation gaps of transverse charge and
spin fluctuations. The competition between SDW and SC states in region III
is crucial to understanding the phase diagram in the quasi-one-dimensional
organic conductors.
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Organic conductors, (TMTSF)2X are typical quasi-one-dimensional (1D) electron sys-
tems with the ratio given by ta : tb : tc ≃ 10 : 1 : 0.1 where ta, tb and tc are the transfer
energies along the a-axis, the b-axis and the c-axis, respectively. Such an anisotropy gives
much varieties of ordered states characteristic in low dimension which have been obtained
by varying temperature, pressure and magnetic field. These conductors show a common
feature of a phase diagram on the plain of pressure and temperature [1,2]. For example,
(TMTSF)2PF6 undergoes a transition from the metallic state to the insulating state of spin-
density wave (SDW) at about 20 K in ambient pressure. Under pressure, the transition
temperature of the SDW decreases and a superconducting (SC) phase appears at a critical
temperature of 0.9 K for 12 kbar [3]. Such a competition between the SDW state and the
SC state has been ascribed to the fact that the nesting condition for the Fermi surface is
essential for the formation of the SDW state but not for the SC state. Actually the increase
of pressure deforms the 1D band into the three-dimensional (3D) one, and thus leads to
breaking of the nesting condition. There are many theoretical work on the problem of the
competition of the SC state and the SDW state in the organic conductors, e.g., the phase
diagram of the quasi-1D electron systems with the interchain hopping has been studied by
use of the g-ology theory where the renormalization of the 1D fluctuation stops at the energy
of the interchain hopping [4].
Two chains of Tomonaga-Luttinger liquids coupled by interchain hopping is a basic model
for understanding the phase diagram of the quasi-1D systems. Extensive studies on the two
chain systems have shown that the ground state in the case of the weak repulsive intrachain
interactions is given by the SC state with interchain and in phase pairing [5–9]. However,
the conclusion derived from these two coupled chains is apparently incompatible with the
phase diagram of the above quasi-1D conductors due to the following fact. The reason for
the SDW state in the phase diagram is considered as the good nesting condition at low
pressure, while the two chains with the perfect nesting condition shows the SC state instead
of the SDW state. In the present paper, we examine the two chain systems in terms of
the renormalization-group method to answer such a problem. It is shown that the phase
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transition from the SDW to the SC state under the pressure can be understood qualitatively
in the two chain system.
We consider the Hamiltonian of the two chains written as
H = ∑
k,p,σ,i
ǫkpa
†
k,p,σ,iak,p,σ,i − t
∑
k,p,σ
{
a†k,p,σ,1ak,p,σ,2 + (1↔ 2)
}
+
πvF
L
g1
∑
p,σ,σ′,i
∑
k1,k2,q
a†k1,p,σ,ia
†
k2,−p,σ′,iak2+q,p,σ′,iak1−q,−p,σ,i
+
πvF
L
g2
∑
p,σ,σ′,i
∑
k1,k2,q
a†k1,p,σ,ia
†
k2,−p,σ′,iak2+q,−p,σ′,iak1−q,p,σ,i . (1)
The quantity k and ǫkp = vF (pk−kF ) are the momentum and the kinetic energy of a Fermion
where vF , p = +(−) and kF denote the Fermi velocity, the right-going (left-going) state of
an electron and the Fermi momentum, respectively. A creation operator of the Fermion
with indices, k, p, σ, i is expressed by a†k,p,σ,i where σ = +(−) and i(= 1, 2) correspond to the
spin ↑ (↓) state and the index of the chains. The interchain hopping and the length of the
chain are defined by t and L. The normalized quantities g1 and g2, respectively, express the
matrix elements of the intrachain interaction for the backward scattering and the forward
scattering, where the conventional definition of the elements are given by g → g/(2πvF ) [10].
We examine the case that the interactions are repulsive, i.e., g1 and g2 are positive values.
In Eq.(1), we take account of the splitting of the Fermi surface due to the interchain
hopping. Then, by utilizing the method of Abelian bosonization to the new Fermi surface,
we express the Hamiltonian in terms of the phase variables as
H = vF
4π
∫
dx
{
(1 + gθ)(∂xθ+)
2 + (1− gθ)(∂xθ−)2
}
+
vF
4π
∫
dx
{
(1− g1)(∂xφ+)2 + (1 + g1)(∂xφ−)2
}
+
vF
4π
∫
dx
{
(∂xθ˜+)
2 + (∂xθ˜−)
2 + (∂xφ˜+)
2 + (∂xφ˜−)
2
}
+
vF
2πα2
gθ
∫
dx
{
cos
√
2θ˜− − cos(2q0x−
√
2θ˜+)
}{
cos
√
2φ˜− + cos
√
2φ˜+
}
− vF
2πα2
g1
∫
dx
{
cos
√
2θ˜− + cos(2q0x−
√
2θ˜+)
} {
cos
√
2φ˜− − cos
√
2φ˜+
}
+
vF
πα2
g1
∫
dx cos
√
2φ+
{
cos
√
2φ˜+ + cos
√
2φ˜− − cos
√
2θ˜− + cos(2q0x−
√
2θ˜−)
}
, (2)
where gθ ≡ 2g2 − g1 and q0 = 2t/vF . The quantity α−1 is the upper cutoff of the wave
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number. In Eq.(2), the phase fields are defined by
∑
q 6=0
2πi
qL
e−α|q|/2−iqxa†k+q,p,σ,µak,p,σ,µ
=
1
2
√
2
{
θ+ + pθ− + µ(θ˜+ + pθ˜−) + σ(φ+ + pφ−) + σµ(φ˜+ + pφ˜−)
}
, (3)
where ak,p,σ,µ = (−µak,p,σ,1+ ak,p,σ,2)/
√
2 (µ = ±). The phase variables, θ± and φ±, describe
the fluctuations of the total charge and the total spin, respectively, while θ˜± and φ˜± express
the transverse fluctuation of the charge and the spin degrees of freedom. In terms of Eq.(3),
the field operators of Fermions, ψp,σ,µ (= 1/
√
L
∑
k e
ikxak,p,σ,µ), are expressed as [11,12]
ψp,σ,µ(x) =
1√
2πα
exp [ipkFµx+ iΘp,σ,µ + iπΞp,σ,µ] , (4)
with
Θp,σ,µ =
1
2
√
2
{
pθ+ + θ− + µ(pθ˜+ + θ˜−) + σ(pφ+ + φ−) + σµ(pφ˜+ + φ˜−)
}
. (5)
In Eq.(4), the phase factor, πΞp,σ,µ, is added so that the Fermion operators with different
indices satisfy the anticommutation relation [10]. The factor Ξp,σ,µ is given by Ξ1 = 0 and
Ξi =
∑i−1
j=1 Nˆj , (i = 2 ∼ 8) with Nˆi being the number operator of the Fermions with indices
i where the index (p, σ, µ) corresponds to (+,+,+) = 1, (+,−,+) = 2, (+,+,−) = 3,
(+,−,−) = 4, (−,+,+) = 5, (−,−,+) = 6, (−,+,−) = 7 and (−,−,−) = 8, respectively.
In the case of g2 6= 0 and g1 = 0, it has been shown that the fourth term in Eq.(2) without
the term including the misfit parameter tends to the strong coupling in the low-energy limit
[13]. In this case, since the transverse fluctuation of the charge becomes completely gapful
and that of the spin shows two kinds of excitations being gapless and gapful, the possible
states are given by the density wave with both intrachain and out of phase ordering and the
SC states with both interchain and in phase pairing [8]. By use of Eqs.(4) and (5), those
states, DW σ,σ
′
+ for the density wave and S
σ,σ′
− for the SC states, are expressed explicitly in
terms of the phase variables as follows [14],
DW σ,σ
′
+ ≡
∑
µ
ψ†p,σ,µψ−p,σ′,−µ = −
{
ψ†p,σ,1ψ−p,σ′,1 − (1→ 2)
}
4
∼ −i
πα
e−i2pkFxe
−ip√
2
θ+e
−ip
2
√
2
(σ+σ′)φ+e
−i
2
√
2
(σ−σ′)φ−
× sin
{
θ˜−√
2
+ p
σ − σ′
2
√
2
φ˜+ +
σ + σ′
2
√
2
φ˜−
}
, (6)
Sσ,σ
′
− ≡
∑
µ
µψp,σ,µψ−p,σ′,µ = −{ψp,σ,1ψ−p,σ′,2 + (1↔ 2)}
∼ i
πα
e
i√
2
θ−e
ip
2
√
2
(σ−σ′)φ+e
i
2
√
2
(σ+σ′)φ−
× sin
{
θ˜−√
2
+ p
σ − σ′
2
√
2
φ˜+ +
σ + σ′
2
√
2
φ˜−
}
, (7)
where ψp,σ,µ = 1/
√
L
∑
k ak,p,σ,µe
ikx. Among two kinds of states, DW σ,σ
′
+ becomes dominant
state and Sσ,σ
′
− is subdominant [8]. In the following, we discuss the effects of the backward
scattering on the the competition between these state and show that the crossover from the
SDW state to the SC state are seen when the scaling energy are decreased.
In Eq.(2), the interchain hopping leads to two kinds of energy regions, i.e., the high-
energy region where the excitations are essentially the same as those in the absence of
the hopping and the low-energy region where the hopping is relevant. By applying the
renormalization procedure of the 1D system to the higher-energy region(ω > t) [8], the
effective Hamiltonian in the case of ω < t is given by
H = vθ
4π
∫
dx
{
1
ηθ
(∂xθ+)
2 + ηθ(∂xθ−)
2
}
+
vφ
4π
∫
dx
{
1
ηφ
(∂xφ+)
2 + ηφ(∂xφ−)
2
}
+
vF
4π
∫
dx
{
1
ηθ˜
(∂xθ˜+)
2 + ηθ˜(∂xθ˜−)
2
}
+
vF
4π
∫
dx
{
1
ηφ˜
(∂xφ˜+)
2 + ηφ˜(∂xφ˜−)
2
}
+
vF
πα′2
g−
∫
dx cos
√
2θ˜− cos
√
2φ˜− +
vF
πα′2
g+
∫
dx cos
√
2θ˜− cos
√
2φ˜+
+
vF
πα′2
g∗a
∫
dx cos
√
2φ+ cos
√
2φ˜+ +
vF
πα′2
g∗b
∫
dx cos
√
2φ+ cos
√
2φ˜−
− vF
πα′2
g∗c
∫
dx cos
√
2φ+ cos
√
2θ˜− , (8)
where α′ ∼ vF/t > α, vθ = vF
√
(1 + gθ)(1− gθ), vφ = vF
√
(1− g∗1)(1 + g∗1), ηθ =√
(1− gθ)/(1 + gθ), ηφ =
√
(1 + g∗1)/(1− g∗1), ηθ˜ = ηφ˜ = 1, g± = g2 − g1/2 ± g∗1/2, and
g∗a = g
∗
b = g
∗
c = g
∗
1. The quantity g
∗
1 is the renormalized matrix element of the backward
scattering and given by g∗1 ≡ g1/{1+ 2g1 ln(vF/tα)} [10]. In this case, the symmetry of spin
degree of freedom between φ+ and φ−, and that between φ˜+ and φ˜− are broken due to the
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finite magnitude of the renormalized backward scattering [8] which reduces to zero in the
limit of t → 0. Hereafter we assume g2 > g1/2 and then ηθ < 1. We note that the present
ηθ corresponds to K in Ref. 8 and 1/K+ρ in Ref. 9.
Properties at temperatures lower than the hopping energy are examined by applying the
renormalization-group method to Eq.(8). By making use of the scaling relation for correla-
tion functions
〈
exp [− iθ˜+(x)/
√
2] exp [iθ˜+(0)/
√
2]
〉
,
〈
exp [− iφ˜+(x)/
√
2] exp [iφ˜+(0)/
√
2]
〉
,
and
〈
exp [− iφ+(x)/
√
2] exp [iφ+(0)/
√
2]
〉
[15], the equations of the renormalization-group
are obtained as
d
dℓ
ηθ˜ =
1
4
(g2− + g
2
+ + g
∗2
c ), (9)
d
dℓ
ηφ˜ =
1
4
(g2− − g2+η2φ˜ − g∗2a η2φ˜ + g∗2b ), (10)
d
dℓ
ηφ = −
η2φ
4
(g∗2a + g
∗2
b + g
∗2
c ), (11)
d
dℓ
g− = (2− 1
ηθ˜
− 1
ηφ˜
)g−, (12)
d
dℓ
g+ = (2− 1
ηθ˜
− ηφ˜)g+, (13)
d
dℓ
g∗a = (2− ηφ − ηφ˜)g∗a, (14)
d
dℓ
g∗b = (2− ηφ −
1
ηφ˜
)g∗b , (15)
d
dℓ
g∗c = (2− ηφ −
1
ηθ˜
)g∗c , (16)
where ℓ ≡ ln(t/ω). The initial conditions are given by those at ℓ = 0, i.e., ηφ(0) =√
(1 + g∗1)/(1− g∗1) (> 1), ηθ˜(0) = ηφ˜(0) = 1, g±(0) = g2 − g1/2 ± g∗1/2, and g∗a(0) =
g∗b (0) = g
∗
c (0) = g
∗
1, respectively.
We numerically calculate the differential equations (9)−(16). The result in the case of
g1 = 0.45, g2 = 0.5 and tα/vF = 0.1 is shown in Fig.1. There are three kinds of regions,
t > ω > ω1 (I), ω1 > ω > ω2 (III) and ω2 > ω (II) where ln(t/ω1) ≃ 8 and ln(t/ω2) ≃ 10.
The corresponding regions are marked along the horizontal axis.
In region I, the monotonical increase of ηθ˜ and decrease of ηφ˜ are obtained since g+
increases toward the strong coupling and the quantity g− with a slight enhancement decreases
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to zero. The variations of the nonlinear terms including φ+, and ηφ are negligible.
In region III, the relevant g+ results in the gaps for the transverse fluctuations of both
charge and spin degrees of freedom. Note that, in the present case, there is no gapless mode
of the transverse spin fluctuation which exists in the case of only the forward scattering. In
this region, the variables θ˜− and φ˜+ show the relevance and then the pairing states with
antiparallel spin in Eqs.(6) and (7), i.e., the transverse spin-density wave (TSDW) state and
the singlet superconducting (SS) state are selected. Since the exponent of the correlation
function for the TSDW (SS) state is given by (ηθ+η
−1
φ )/2 ( (η
−1
θ +ηφ)/2 ) and ηφ decreases to
zero, the TSDW (SS) state becomes the most dominant and the SS (TSDW) state remains
subdominant for ω near ω1 (ω2). Therefore there is a crossover from the TSDW state to the
SS state in region III.
In region II, the gap for the fluctuation of the total spin also appears in addition to the
above transverse degrees of freedom. In this region, the nonmagnetic state is selected because
the gap of the total spin denotes the finite amount of energy for creating the magnetization
along the quantized axis. Actually the SS state becomes dominant [5–9], while the correlation
function of TSDW decays exponentially.
The existence of region III is crucial to relating the result of the two chains with the phase
diagram of quasi-1D conductors as a function of temperature and pressure. When the 3D
coupling is taken into account, the crossover from the TSDW state to the SS state in region
III of Fig.1 gives rise to the actual phase transition [4]. We assume that the pressure increases
t and then the ratio t/ω increases with the fixed ω. Then the crossover from the fluctuation
of TSDW to that of SS with the fixed ω in Fig.1 indicates the transition from the SDW state
to the SS state in the phase diagram of organic conductors with the fixed T [1,2]. The SDW
in the two chains have nesting vector (2kF , π), which satisfies the condition of the perfect
nesting. This result is consistent with the nesting vector obtained by NMR measurements
[16,17]. The SS state with the interchain pairing suggests the anisotropic gap which was
asserted by the theoretical analysis [18] of the NMR relaxation rate of (TMTSF)2ClO4 [19].
Thus we obtained the correspondence between the states in region III and those in quasi-1D
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conductors.
The present crossover from the SDW state to the SC state is due to the increase of t,
i.e., the dimensionality. The pressure also leads to the breaking of the nesting condition.
This may cause an additional effect of the increase of the crossover energy.
In conclusion, we investigated electronic states of two chains of Tomonaga-Luttinger
liquids at low temperatures by use of the renormalization-group method. There exist three
kinds of energy regions where the crossover from the TSDW state to the SS state occurs in
region III. The existence of such a crossover is essential to explaining the phase diagram of
SDW vs SS states in the quasi-1D conductors such as (TMTSF)2X.
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work was financially supported by a Grant-in-Aid for Scientific Research from the Ministry
of Education, Science and Culture (No.05640410), and a Grant-in-Aid for Scientific Research
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FIGURES
FIG. 1. Solutions of the renormalization-group equations of Eqs.(9)−(16), in the case of
g1 = 0.45, g2 = 0.5, and tα/vF = 0.1 where the boundary between regions I and III (III and II) is
given by ω = ω1 ∼ te−8 (ω = ω2 ∼ te−10).
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